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G2 - Toroidal ~SVYXF iii9. [MRY] ? [RM] :℄LA simply-laced 9 Toroidal /VSblj%D [T2]K"EA Bl 9 Toroidal/VSlj%Db)
N [T2]"EA G2 9 Toroidal/VS T (G2)blj%Db)$)A D(1)4 b DynkinzbljC?Y 2+HNwNZ:
Wt,\ [FLM]? [MRY] neY8 D(1)4 ? G(1)2 b/$ Q(D(1)4 )? Q(G(1)2 ) b($ Q,~+wn/ ǫ : Q×Q→ {κ|κ6 = 1}	PT 2- +HNtp
, $($+neVS C[Q], ~+>_	 eβeγ = ǫ(β, γ)eβ+γ, ∀β, γ ∈ Q. Wne Fock #l	 V :=
C[Q] ⊗ S(Ĥ−0 ), *"EA T (G2) blj_Q)?bDS3














G2 - Toroidal ~SVYXF iv
Abstract
In [MRY],[RM], the authors gave the vertex representations of the simply-
laced toroidal Lie algebra, and according to the above, [T2] gave the construc-
tion of the vertex reprsentation of toroidal Lie algebra Bl. According to the
main idea of [T2], we give the constructon of the vertex representation of the
toroidal Lie algebra T (G2). This construction has the close relation with the
Dynkin diagram of type D
(1)
4 and a 2-cocycle.
Similarly to [FLM], [MRY], we define an intergal lattice Q which contains
two affine root lattices Q(D
(1)
4 ) and Q(G
(1)





and define a 2-cocycle map: ǫ : Q × Q → {κ|κ6 = 1}. As usual, we can
form a group algebra C[Q] on this lattice, and the twisted product is: eβeγ =
ǫ(β, γ)eβ+γ, ∀β, γ ∈ Q. And then, we define the Fock space: V := C[Q] ⊗
S(Ĥ−0 ), and give the construction of the vertex operators of T (G2) and the
main result (Theroem 3.3). Finally, as the vertex operators of type D4
satisfy the equations (2.3)-(2.5), we prove the main result by using Lemma
2.3.
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W5 ^Æ~Sk Toroidal ~S 3p/: yl| Toroidal l
§1.1. 6a=u0 1.1.1: 1 g G F *a+?"k g 9vT&<m. (x, y) 7→ [x, y] OSBso
(1.1)[x, x] = 0, ∀x ∈ g;
(1.2)[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, ∀x, y, z ∈ g,8 g  F *a.UR md9aso (1.2) 8 Jacobi Ed	u0 1.1.2: 1 S \B8 V  S- M+?"k& V = ⊕
α∈S
Vα, }9 Vα(α ∈ S) V aP"k Vα 8 α MaM"k ∀v ∈ Vα, 8 α MaM	
G h A UR8 A  G- Ma$2 A Z+?"kG G- Ma
Aα · Aβ ⊂ Aα+β.u0 1.1.3: 1 H .URd Z(H)  H a96&v
(1)dimZ(H) = 1,
(2)Z(H) = [H,H],8 H  Heisenberg UR	&




Hn, dimHn <∞,8 H  Z- Ma Heisenberg UR	u0 1.1.4: 1 H G.UR g a[TvPPUR ∀h ∈ H &<P adh ∈ End(g) wyL8 H  g a Cartan PUR	u0 1.1.5: 1 H G g a Cartan PURG gα = {x ∈ g | [h, x] = α(h)x, ∀h ∈ H}, &
gα 6= 0  α 6= 0, 8 α(∈ H∗) .UR g .| H aX#wja gα 8#P"k`v#a\B8 g .| H a#	1 ∆ GwI"k Rn 9a#}P\ Π OS
(1)Π G Rn aW
(2) S# β 1: β = ∑
α∈Π
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






gα) ⊕H ⊕ (
∑
α∈∆−
gα). (1.3)u0 1.1.6: 1 ∆, Π &.UR g a# Y# ∀α ∈ ∆, 8 α∨ = 2α
(α, α)
 α a}# ∆∨ = {α∨ | α ∈ ∆} }# Π∨ = {α∨1 , · · · , α∨n} }Y#	1  1.1.7: ;)"bCT~S g Vg{s`u
 (1.3)  Π = {α1, · · · , αn} !5eTg%?> g Hzp {α∨1 , · · · , α∨n , xα | α ∈ ∆}  K
(1) [xα, x−α] = α
∨, ∀α ∈ ∆,
(2) [xα, xβ] = 0, ∀α, β ∈ ∆, α + β 6∈ ∆ ∪ {0}
(3) [xα, xβ] = Cαβxα+β, ∀α, β, α+ β ∈ ∆, ?Cαβ = −C−α,−β.BLpL! g V Chevalley p g [OpVthK!D	u0 1.1.8: 1 B : g × g 7→ C .UR g *aT&<8& B([x, y], z) = B(x, [y, z]),
∀x, y, z ∈ g, 8 B ,T&<8	u0 1.1.9: 1 g v%
Y.URw ∀x, y ∈ g, md K(x, y) = tr(adx · ady),  K 
g *aXw8,T&<88 Killing 8	1  1.1.10: v%
.UR g GYaZZa Killing 8G	}La	1  1.1.11: ;)"T~S g ;.
 (1.3) Vg{s`u?
(1)K|H×H _nV
(2)∀α ∈ ∆,K|gα×g−α 4_nV	G f : H 7→ H∗, h 7→ K(h, ·), t 1  1.1.11 . f +?"kav(	Jbds H   H∗ dvW	1  1.1.12:  g !;)"~S K′ !	5[LHE*/-?Q> λ ∈ C, U K′ = λK, H K ! g V Killing -	u0 1.1.13: 1 g v%













W5 ^Æ~Sk Toroidal ~S 5
(1) aii = 2,
(2) aij ∈ Z≤0, i 6= j,
(3) aij = 0ZZaji = 0,8 A /d Cartan %& A OOS
(4) Q)awy% D >)m% B, >` A = DB,8 A v% Cartan %	u0 1.1.15: & Cartan % A 5;P>'jaBP1:a (A1 0
0 A2





= rij s&u;}'	& (αi, αi) < (αj, αj),KXNg j i2+g i ianx$J`^ay:8# ∆ .| Π(U g) a Dynkiny	1 Π = {α1, · · · , αn} .UR g XY#m.UR g aX Cartan %
(aij)
n
i,j=1, }9 aij = 2(αi, αj)(αj , αj) . #X Cartan %aXm.UR g a Dynkin y	u0 1.1.17: 1 V G F *a+?"kT 0V = C, T 1V = V, · · · , T nV = V ⊗V · · ·⊗V (n). G T (V ) = ⊕∞
n=0
T nV , w ∀v1 ⊗ v2 · · · ⊗ vm ∈ TmV , w1 ⊗ w2 · · · ⊗ wn ∈ T nV , md (v1 ⊗ v2 · · · ⊗ vm) · (w1 ⊗ w2 · · · ⊗ wn) = v1 ⊗ v2 · · · ⊗ vm ⊗w1 ⊗ w2 · · · ⊗ wn ∈ Tm+nV , T (V ) :XBUR8 V a?UR	1 I Gt {v⊗w−w⊗ v|∀v, w ∈ V } 5:a T (V ) a (T) -(8)UR S(V ) = T (V )/I w8UR	Z V  n 
+?"k; S(V ) v(|y*UR C[x1, · · · , xn].













W5 ^Æ~Sk Toroidal ~S 6Xvd ψ : ĝ → ̂̂g, >` φψ = π, 8 ĝ  g a96&	1  1.2.3:  (ĝ, π)  g V5eaH,|A η : ĝ → ĝ  ĝ V)G> g !m:Æ? η = idbg.1  1.2.4: [G] ~S g ! perfect, ? g 5ZQ> 5V℄H,|A	u0 1.2.5: 1 g .UR ψ : g × g → C XT&<:& ψ OS
(1)ψ(x, y) = −ψ(x, y), ∀x, y ∈ g,
(2)ψ([x, y], z) + ψ([y, z], x) + ψ([z, x], y) = 0, ∀x, y, z ∈ g,8 ψ .UR g *aX 2-cocycle.1 C[t, t−1] R*a Laurent y*URw ∀P = ∑ cktk, md ResP = c−1.1 (·, ·) v%
Y.UR g *a"KT&<8	.8.UR g̃ ($J!mdXÆ
.UR (loop UR)g = g ⊗ C[t, t−1], }*.=
[x⊗ f1, y ⊗ f2]0 = [x, y] ⊗ f1f2, ∀x, y ∈ g, f1, f2 ∈ C[t, t
−1],
C[t, t−1]*aX[P DN~ ga[Pmd D(x⊗f1) = x⊗D(f1). 1 (·, ·)




.0}P+`. ψ  2-cocycle, tJ$md g aX
96& ĝ = g ⊕ Cc:
[a + λc, b+ µc] = [a, b]0 + ψ(a, b)c, (a, b ∈ g, λ, µ ∈ C)u5rhX[P d, } ĝ *aZp'Z|[P t d
dt
, Zp96* 0, 	{s ĝ ~.UR g̃
g̃ = g ⊗ C[t, t−1] ⊕ Cc⊕ Cd.}*.=
[d, a] = d(a), ∀a ∈ g; [d, c] = [d, d] = 0.}}  ĝ 9md'v	V8.UR g̃ 	u.8 Kac-Moody UR	1 H  g a Cartan PUR g .| H a#"k g = H⊕ (∑
α∈∆
gα),∆ ⊂ H
∗# Π = {α1, α2, · · · , αn} Y#)1 α̃ V#	J g̃ aPUR H̃ = H ⊕ Cc ⊕ Cd, } g̃ a Cartan PUR	w ∀λ ∈ H∗, G













W5 ^Æ~Sk Toroidal ~S 7wj| H̃, g̃v#"k g̃ = H̃ ⊕ ∑
γ,k
(gγ ⊗ t
k),}9 (γ, k)! (∆∪0)×Z\{(0, 0)}.N{ g̃ .| H̃ a# ∆̃ = {kδ + γ, k ∈ Z, γ ∈ ∆ ∪ 0}\{0}, )# ∆̃+ = {kδ +
γ, ∀k ∈ Z, γ ∈ ∆} ∪ {γ, γ ∈ ∆+}, Y# Π̃ = {α0 := δ − α̃, α1, · · · , αn}.u0 1.2.6: 1 g̃ .8.UR& α ∈ ∆̃, (α, α) > 0, 8 α <#8 α A#	do<# oA# ∆̃Re  ∆̃Im,  ∆̃Re = {kδ + γ, |k ∈ Z, γ ∈ ∆}, ∆̃Im =
{kδ|k ∈ Z\{0}}.u0 1.2.7: δ = α0 + α̃ = n∑
i=0
niαi, }9 ni ≥ 0, k&f n0 = 1, 8 δ  null #	G aij = 2(αi, αj)/(αi, αi), i, j = 0, 1, · · · , n, % Ã = (aij)ni,j=0 .8.UR
g̃ a/d Cartan %	1 Ei, Fi, Hi, i = 1, 2, · · · , n G.UR g a Chevalley 5:D E0 ∈ g−eα ^
F0 ∈ geα, >` α̃(H0) = −2, }9 H0 = [E0, F0]. G
e0 = t⊗E0, f0 = t
−1 ⊗ F0, h0 = 1 ⊗H0 + c,
ei = 1 ⊗Ei, fi = 1 ⊗ Fi, hi = 1 ⊗Hi, i = 1, · · · , n#0℄ ei, fi, hi, i = 0, 1, · · · , n 5: g̃ aX}
 1 aPUR ĝ, 5:.$
[ei, fj] = δijhi, [hi, hj ] = 0, [hi, ej] = aijej , [hi, fj ] = −aijfj (1.4)
(adej)
1−aijej = (adfi)
1−aijfj , i 6= j
ĝ T8.|/d Cartan % Ã a Kac-Moody .UR	\VQX Toroidal .URa(	1 A XR C *avPUR A aXUW {ai} ) A aXRte
F , }W {d̃ai}  s F :Te_ ∀a ∈ A, a · (d̃ai) = (d̃ai) · a. md&<m.




cid̃ai  K  F aPet$.5:




























Mv(bd (ΩA, d) GXatJ DerC(A,M) ∼= HomA(ΩA,M).J&<m. ΩA → ΩA/dA, t d(ab) = 0 .w ∀a, b ∈ A, v ad(b) = −(da)b =
−b(da).1 g  C *v%
Y.UR (·, ·)  g *a"KT&<8J.UR ĝA = (g ⊗
A) ⊕ (ΩA/dA), }*.=md$
[x⊗ a, y ⊗ b] = [x, y] ⊗ ab+ (x, y)d(a)b, ∀x, y ∈ g, a, b ∈ A ΩA/dA 96	G ω : ĝA → g ⊗ A .lm.}= ΩA/dA. 1.2.8: [MRY] (ĝA, ω) .UR g ⊗ A a96&	;
1 0 → ε →֒ ĝ λ→ g ⊗A→ 0  g ⊗A aX96&1 τ : g ⊗A→ ĝ X&<m.>` λ ◦ τ = id. md τ ∗ : A× A× g × g → ε,
τ ∗(a, b, x, y) = [τ(a⊗ x), τ(b⊗ y)] − τ(ab ⊗ [x, y])Fb^w ∀u, v ∈ g ⊗ A, dV ĝ 9.|m. λ a,& ũ, ṽ  [ũ, ṽ] 5GZ(|
u > v. 0}P+`.$>:6
τ ∗(a, b, x, y) = −τ ∗(b, a, y, x), (1.5)
τ ∗(ab, c, [x, y], z) + τ ∗(bc, a, [y, z], x) + τ ∗(ca, b, [z, x], y) = 0, (1.6)+Q τ0, >`w ∀a ∈ A, x, y ∈ g, v τ ∗0 (a, 1, x, y) = 0.Jw ∀a ∈ A,md fa : g → HomC(g, ε), v 7→ fav ,#0 fav (u) = τ ∗(a, 1, u, v), ∀u ∈
g.  (1.6) 9 b = c = 1, t




[y,z] = 0 (1.7)`

















W5 ^Æ~Sk Toroidal ~S 9#0 HomC(g, ε) Gt (x, f)(y) = f(−[x, y]) `m	
(1.7) W^ fa G g *aX 1-cocycle, )t H1(g, HomC(g, ε)) = 0 .Q ρa ∈
HomC(g, ε), >` dρa = fa. hJ fay = y · ρa, N{ fay (x) = ρa([x, y]). t| g G perfecta`^ ρa GXma{h fa .| a G&<a`^ ρa .| a TG&<a	md ρ : g ⊗A→ ε, a⊗ y 7→ ρa(y), )G τ0 = τ + ρ, 
τ ∗0 (a, 1, x, y) = τ
∗(a, 1, x, y) + ([ρ(a⊗ x), ρ(1 ⊗ y)] − ρ(a⊗ [x, y]))
= fay (x) − ρ
a([x, y]) = 0.$p τ0 qP τ , m a, b ∈ A, md f : g× g → ε, (u, v) 7→ τ ∗(a, b, u, v).  (1.6) 9 c = 1, `
f([z, x], y) + f(x, [z, y]) = 0, ∀x, y, z ∈ g,hJ f G,a	t 1  1.1.10 .Q εa,b ∈ ε, >`
τ ∗(a, b, u, v) = f(u, v) = (u, v)εa,b, ∀u, v ∈ g,t (1.5) > (1.6) ^ (·, ·) aw8<.wb a, b, c ∈ A, v
(1)εa,1 = 0,
(2)εa,b = −εb,a,





εai,bi,t (3) . K 9℄Jm.Zp~ 0, +mdm.
ΩA → ε, da 7→ εa,1, ∀a ∈ A,	{[Dm.
ΩA
dA













W\ G2 - Toroidal ~S 10pw: G2 ' Toroidal l1 R5 GvnY^ (·, ·) awI"k ∆(D(1)4 ) G.8 Kac-Moody UR D(1)4 a#V1nY (·, ·) "K8>`w ∀α ∈ ∆(D(1)4 ), v (α, α) = 2.1 Π(D(1)4 ) = {βi|0 ≤ i ≤ 4, i ∈ Z} ⊂ ∆(D(1)4 ) G D(1)4 aXUY# Γ(D(1)4 ) G
∆(D
(1)







β4G θ(β0) = β0, θ(β1) = β1, θ(β2) = β3, θ(β3) = β4, θ(β4) = β2  θ !D..UR
D
(1)
4 ayRv(	1 δ = 4∑
i=0




Cβi) ⊕ Cd (2.1)s*QnY^ (·, ·) N~^ H0, >w8T&<: (·, ·) : H0 ×H0 7→ C, OS









βi, i = 0, 1
1
3
(β2 + β3 + β4), i = 2
1
3
(β2 − 2β3 + β4), i = 3
1
3
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